We prove some further properties of the operator T ∈ nQN n-power quasinormal, defined in Sid Ahmed, 2011 . In particular we show that the operator T ∈ nQN satisfying the translation invariant property is normal and that the operator T ∈ nQN is not supercyclic provided that it is not invertible. Also, we study some cases in which an operator T ∈ 2QN is subscalar of order m; that is, it is similar to the restriction of a scalar operator of order m to an invariant subspace.
Introduction
Although normality of operators T * T TT * makes things easier, it rarely occurs and relaxing the normality condition is essential in the theory of operators on Hilbert spaces. One of the most important subclasses of the algebra of all bounded linear operators acting on a Hilbert space, the class of hyponormal operators, has been studied by many authors see 1 . In recent years this class has been generalized, in some sense, to larger classes of the socalled p-hyponormal, log-hyponormal, posinormal, k-quasihyponormal classes, and so forth see 2-6 . In 7 , Putinar showed that hyponormal operators are subscalar. This fact has led to far-reaching results, discovering deep properties of these operators. In this paper we extend that result to other generalized classes of operators.
Let H be an infinite dimensional separable complex Hilbert space, let K be a complex Hilbert space, and let L H, K be the algebra of all bounded linear operators from H to K. We write L H for L H, H . If T ∈ L H, K , we will write N T and R T for the null space also referred to as the reducing subspace and the range of T , respectively. The spectrum, T * T n 1 .
1.2
If n 1, T is called quasinormal. This class of operators being denoted by nQN , that is, This paper is divided into five sections. Section 2 deals with some preliminary facts concerning function spaces. Section 3 includes our main results. There we study some properties of nQN . In particular we show that an operator T ∈ nQN satisfying the translation invariant property is normal, and an invertible operator T ∈ nQN and its inverse T −1 have a common nontrivial invariant closed set provided that T * ∈ nQN . Also we show that some of class 2QN satisfy an analogue of the single-valued extension for W m for all λ in U is the constant function f ≡ 0. We say that T has SVEP if T has a SVEP at every λ ∈ C.
It is easily seen that an operator T ∈ L H has SVEP if and only if, for each open
is one to one.
Recall that, for a bounded operator T on H, the local resolvent set ρ T x of T at the point x ∈ H is defined as the union of all open subsets D of C such that there exists an analytic function f : D → H which satisfies
The local spectrum σ T x of T at x ∈ H is the set defined by σ T x : C \ ρ T x and obviously σ T x ⊂ σ T . It is clear from the definition that, T has SVEP if and only if zero is the unique vector x ∈ H such that σ T x ∅ see for more details 11 . Recall that a bounded operator T ∈ L H is said to have the Bishop 1 ⊗ h , for h ∈ H, where 1 ⊗ h denotes the constant function identically equal to h. In 7 , Putinar showed that if T ∈ L H is a hyponormal operator then V is one to one and has closed range such that V T SV , and so T is subscalar of order m.
Further Properties of the Class nQN
We start this section with some properties of n-power quasinormal operators. 
Proof. 1 Let S ∈ L H be unitary equivalent to T . Then there is a unitary operator
for Δ as the n-th power or the adjoint, it follows that the left-hand side of 1.2 for T | M reads
, which is the right-hand side of 1.2 . Thus,
Next we characterize a matrix on a 2-dimensional complex Hilbert space which is in nQN . Since every matrix on a finite dimensional complex Hilbert space is unitarily equivalent to an upper triangular matrix and an n-power quasinormal operator is unitarily invariant, it suffices to characterize an upper triangular matrix T . From the direct calculation, we get the following characterization. 
3.4
We remark here that Proposition 3.2 offers the convenient criterion to find some examples of operators in nQN . Also we observe that nQN is not necessarily normal on a finite dimensional space.
Next couple of results show that nQN does not have a translation invariant property.
Theorem 3.3 see 9 .
If T and T − I are of class 2QN , then T is normal.
It is natural to ask the following question: what is the operators in nQN satisfying the translation invariant property? The answer to this question is provided by the following theorem.
Theorem 3.5. T λ is of class nQN for every λ ∈ C if and only if T is a normal operator.
Proof. Assume that T λ is of class nQN for every λ ∈ C. Then 1.
, which reduces on eliminating the common factor −λ T − λ n 1 to
By the binomial expansion,
whence by arranging terms suitably, the extremal terms vanishing in view of 1.2 ,
Now note that from the second summand in 3.7 , we may extract the extremal term −1 n nλ n T * T − TT * and express it in terms of the remaining terms which contain λ to the power < n. Hence dividing 3.7 by λ n and letting λ → ∞, we conclude that T * T − TT * → 0, whence the normality of T follows.
Conversely it is known that normality is a translation invariant property; that is, if T is normal, then T λ is normal for every λ ∈ C, and hence T λ is of class nQN .
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The following proposition gives a characterization of an n-power quasinormal operator. 
In general, the two classes nQN and n 1 QN are not the same see 9 .
Proposition 3.8. If T is both of class nQN and n 1 QN , then it is of class
Proof. By 1.2 ,
so that T n 2 T * T may be transformed into T * TT n 2 . It is known that if T belongs to nQN some n > 0, T 2 does not necessarily belong to the same class. Proof. From Proposition 3.8 it suffices to prove that T 2 is of class 2QN and of class 3QN because we may then proceed inductively.
Since T is a 2-isometry, we have 
To see that nQN is closed, we prove that any strong limit T ∈ L H of a sequence T p in nQN also belongs to nQN ; that is, we let T p be a sequence of operators in nQN converging to T ∈ L H in norm:
3.10
Hence it follows that Proof. By the compatibility principle similar to 3.2 ,
where Δ indicates either the nth power or adjoint, the proof follows.
A linear operator T on H is hypercyclic if there is a vector with dense orbit; that is, if there exists an x ∈ H such that orbit Orb T, x : {x, T x, T 2 x, . . .} is dense in H, and in this case x is called a hypercyclic vector for T .
An operator T on H is supercyclic if there exists a vector whose scaled orbit is dense; that is, if there exists an x ∈ H such that {λT n x, n ≥ 0, λ ∈ C } is dense in H and in this case x is called a supercyclic vector for T . Kitai 13 showed that hyponormal operators are not hypercyclic. We generalize Kitai's theorem to the class nQN . Proof. Assume that T is of class nQN and supercyclic. Considering the class nQN being closed under multiplication by nonzero scalars, we may assume that T 1. Since the supercyclic contraction T satisfies property β , σ T is contained in the boundary ∂D of the unit disk D 11, Proposition 3.3.18 . Thus T is invertible, and we have a contradiction.
Definition 3.19. An operator T ∈ L H is algebraic if there is non-zero-polynomial p such that p T
0.
The following proposition shows that some quasinilpotent n-power quasi-normal operators are subscalar.
Proposition 3.20. If both T and T * are of class nQN such that T is quasinilpotent, then T is nilpotent, and hence T is subscalar.
Proof. Since T is quasinilpotent, σ T {0}. Hence by the spectral mapping theorem we get σ T n σ T n {0}. Thus T n is quasinilpotent and normal. So T n 0; that is, T is nilpotent, and T is algebraic operator, and hence T is subscalar. 
3.13
where P is the orthogonal projection of
The next theorem is important for the proof of our main theorem, Theorem 3.27. 
14 is one to one.
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Proof.
3.15
Then for j 0, 1, . . . , m we have
3.16
Hence for j 1, . . . , m we get
3.17
Now we claim that
Indeed, since T λ is invertible for λ ∈ D \ σ T , 3.16 implies that
Since σ T ∩ −σ T ∅ and σ T * σ T * , T −λ * is invertible for λ ∈ σ T , therefore; from 3.17 we have
It is clear form 3.20 ; and 3.21 that
0, for j 0, 1, . . . , m. 
The following corollary shows that the nilpotent perturbation of operators in 2QN satisfying SVEP satisfies SVEP. 
Since S λ is one-to-one from Theorem 3.22, N k−1 g 0. By indication we have g 0. Hence T λ is one-to-one. An operator T ∈ L H is said to be the following. Hence lim k → ∞ g k 0. Thus the map V is one-to-one and has closed range. By the previous theorem the operator V is a topological isomorphism of H into R V . The relation V T SV shows that R V is S-invariant. Hence S is an extension of the operator V , so this operator is subscalar. Since V is invertible on R V , then the operator T is subscalar of order m. On the other hand from 18, Theorem 4.3 we deduce that m ≥ 2 and the theorem is proved. In 19 the authors study some operators with the single-valued extension property. In the following propositions we extend some of these results to operators with the Bishop's property β .
